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Abstract—In many applications of formation control, agents
coordinate and communicate to make appropriate decisions.
Connectivity of the network is paramount in such applications.
The goal in this paper is to drive a group of agents with
limited sensing capabilities to a desired con�guration while
ensuring the connectivity of the wireless communication network
among the agents. Based on a navigation function formalism, a
decentralized cooperative controller is proposed where agent only
uses information within its sensing zone to guarantee connectivity
maintenance of the network and achieve the desired formation
with collision avoidance between themselves and with obstacles
in the environment.

I. INTRODUCTION

In multi-agent cooperative control, agents coordinate and
communicate to achieve a collective goal (e.g., �ocking,
consensus, or pattern formation). As agents move to perform
some mission objective, ensuring the group remains close
enough to maintain radio communication (i.e., the group does
not partition) can be challenging in a decentralized control
system.

The use of an arti�cial potential �eld is one method that has
been widely used for formation control. The potential func-
tion produces a repulsive potential �eld around a workspace
boundary and obstacles, and an attractive potential �eld is
produced at the goal con�guration. A common problem with
arti�cial potential �eld-based formation control algorithms is
the existence of local minima when attractive and repulsive
force are combined [1]. In the seminal work in [2] and [3], a
navigation function approach is developed for a single point-
mass agent moving in an environment with spherical obstacles.
The navigation function proposed is a real valued function
which is designed such that the negated gradient �eld does not
have any local minima. This closed-loop approach guarantees
the convergence to a desired destination, as well as collision
avoidance.

In [4], the navigation function framework is extended to
multi-agent system. In [5], a centralized navigation function
control strategy is proposed to steer a group of mobile agents
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to achieve a particular formation while avoiding collisions be-
tween the agents, and obstacles in the environment. A limited
sensing region of agents is assumed in [5] for obstacle avoid-
ance assuming that the agents are connected. The problem
of connectivity maintenance is addressed using a centralized
navigation function in [6] and [7] by modeling the sensing
region of the base station as a workspace and assuming that
agents are always connected to the base station as long as they
stay within the workspace. In [8], a decentralized navigation
function is developed to achieve obstacle avoidance assuming
that the agents are connected. A decentralized navigation
function is also used in [9] for motion control of agents with
global knowledge of the position of other agents. For agents
with limited sensing capabilities, a decentralized navigation
function approach is presented in [10] with the assumption
that total number of agents in the system is apriori known. In
[11], a navigation function based path planning algorithm is
developed for multiple UAVs with �nite sensing capabilities
in a combat area.

A review of literature indicates that most formation control
efforts simply assume that agents within the network are able
to communicate, such as [5] and [8]. The assumption of a
connected graph is restrictive in the case of a mobile network,
where communication between a pair of agents depends (in
part) on the distance between agents. In practical applications,
each agent has limited communication and sensing capability
to determine relative position and velocity information that
would be required by the agent’s control system. Thus, connec-
tivity maintenance is a key requirement for formation control.

For multi-agent systems (especially for a large number
of agents), a centralized control approach has a higher cost
to implement than a decentralized approach because of the
increased computation load and the decreased robustness [12].
However, since the motion by any agent in the network may
partition the underlying network graph (i.e., connectivity is
a global graph property [13]), maintaining connectivity of a
formation is challenging for a decentralized control scheme
that only relies on locally available information. In a related
work [14], a potential �eld is designed for a group of mobile
agents to form a desired con�guration while maintain network
connectivity. However, the mission maybe fail because of the
existence of local minima. The contribution of this paper is
the development of a decentralized control scheme for each
agent that ensures network connectivity and achieves a desired
formation using only local information. Speci�cally, by using
a navigation function formulation, the developed decentralized
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controller enables an initially connected multi-agent system to
achieve a desired formation, as well as avoid collision with
other agents and obstacles in the environment while ensuring
the underlying network graph does not partition. Preliminary
simulation results illustrate the performance of the developed
controller.

II. PROBLEM FORMULATION

Consider a network composed of � agents in the workspace
F , where agent � moves according to the following kinematics:

��� � ��� � � �� · · · � � (1)

where �� � R
2 denotes the position of agent � in a two

dimensional (2D) plane, and �� � R2 denotes the velocity of
agent � (i.e., the control input). The workspace F is assumed
to be circular and bounded with radius �� and �F denotes the
boundary of F 	 Each agent in F is represented by a point-mass
with a limited communication and sensing capability encoded
by a disk area. Two moving agents can communicate with
each other if they stay within a disk area with radius �� and
obstacles can be sensed whenever they enter the sensing area.
For simplicity and without loss of generality, the following
development is based on the assumption that the sensing area
is the same as the communication area, both with radius ��.
Further, it is assumed that all the agents have equal actuation
capabilities. A set of �xed points, 
1� · · · � 
� � are de�ned to
represent � stationary obstacles in the workspace F , and the
index set of obstacles is denoted as M � {�� · · · ��}.

The interaction of the multi-agent system is
modeled as a undirected graph G � �V� E�, with the
set of nodes V � {�� · · · � �} and the set of edges
E� { ��� �� � V × V| 
�� � ��} � where node � and node
� are located at a position �� and �� � and 
�� � R

+ is
the distance between them de�ned as 
�� � k�� � ��k. In
graph G� each node � denotes an agent � and each edge
��� �� denotes a communication link between agent � and
� when they stay within each other’s communication area.
It is assumed that each agent has real time knowledge of
its own position. The set of neighbors of node � (i.e., all
the agents within the sensing zone of agent �) is given by
N� � {�� � 6� �| � � V� ��� �� � E} 	 One objective for the
multi-agent system in this work is to converge to a desired
con�guration, which is determined by a formation matrix
� � R

2�×� � where each parameter ��� � R
2 represents

the desired relative position and orientation of node �
with an adjacent node � � N �

� , where N �
� � N� denotes

a neighborhood that includes only nodes in the desired
con�guration. The neighborhood N� is a time varying set
since nodes may enter or leave the communication region of
node � at any time instant, while N �

� is a static set which is
speci�ed by the desired con�guration. The desired position
of node �, denoted by ���, is de�ned as

��� �
n
��| k�� � �� � ���k2 � �� � � N �

�

o
	 (2)

An edge ��� �� is only established between nodes � and � if
� � N �

� .

Fig. 1. Collision and escape regions for node i.

A collision region1 de�ned for each agent � is a small disk
around the agent � with radius �1 � ��, such that any other
agent � � N�� or obstacle 
	� � � M, inside this region
is considered as a potential collision with agent �. To ensure
connectivity, an escape region for each agent � is de�ned as the
outer ring of the communication area with radius �� ����2 �
� � ��� where �2 � R is a predetermined buffer distance.
Edges formed with any node � � N �

� in the escape region are
in danger of breaking. The collision and escape regions for
node � are shown in Fig. 1.

The goal in this paper is to develop a decentralized con-
troller �� that will ensure network connectivity and enable
the system to stabilize in a desired con�guration from almost
all initial conditions, except for a set of measure zero points
(i.e., the saddle points), while avoiding collisions among
themselves, as well as obstacles. To achieve this goal, the sub-
sequent development is based on the following assumptions.
Assumption 1: The initial graph G is valid in the sense

that the initial network is connected with the desired edge
neighborhood (i.e., any node � � N �

� is connected to node
� initially)2 and those initial positions do not coincide with
some unstable equilibria (i.e., saddle points).
Assumption 2: The desired formation matrix � is speci�ed

initially and is achievable. This assumption implies that the
desired con�guration will not lead to a collision or the desired
con�guration will not lead to a partitioned graph, (i.e., �1 �
k���k � �� � �2�	

III. CONTROL DESIGN

Consider a decentralized navigation function candidate �� �
F � 	�� �
 for each node � as

�� �
��

��

� � ���

1�

� (3)

where � � R+ is a tuning parameter, �� � R2 � R
+ is the

goal function, and �� � R2 � 	�� �
 is a constraint function
for node �. The goal function �� in (3) encodes the control

1The potential collision for node � in this work not only refers to the �xed
obstacles, but also other moving nodes or the workspace boundary, which are
currently located in its collision region.

2If the network is initially connected but not in the desired edge neigh-
borhood, then recent methods such as in [15] can be used to reorganize
the network to the desired edge neighborhood while maintaining network
connectivity.
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objective of node � and is designed as

������ �
X

��N�
�

k�� � �� � ���k2 	 (4)

The constraint function �� in (3) is designed as

�� � ��0

Y
��N�

�

���
Y

	�N��M�

��	� (5)

to ensure collision avoidance and network connectivity by only
accounting for nodes and obstacles located within its sensing
area each time instant. In (5), ��� , ����� ��� � R2 � 	�� �

ensures connectivity of the network graph (i.e., guarantees that
node � � N �

� will never leave the communication zone of node
� if node � is initially connected to node �) and is designed as

��� �

����
���

� 
�� � �� � �2
� 1

�22
�
�� � ��2 ����

2

� 2
�2

�
�� � ��2 ����
�� � �2 � 
�� � ��

� 
�� � ��	
(6)

Also in (5), ��	 , ����� �	� � R2 � 	�� �
, for point � �
N� �M�� where M� indicates the set of obstacles within the
sensing area of node � at each time instant, ensures that node �
is repulsed from other nodes or obstacles to prevent a collision,
and is designed as

��	 �

½ � 1
�21

2�	 � 2

�1

�	 
�	 � �1

� 
�	 � �1	
(7)

Similarly, the function ��0 in (5) is used to model the potential
collision of node � with the workspace boundary, where the
positive scalar ��0 � R is designed as

��0 �

½ � 1
�21

2�0 �

2
�1

�0 
�0 � �1

� 
�0 � �1�
(8)

where 
�0 � R+ is the relative distance of the node � to the
workspace boundary de�ned as 
�0 � �� k��k.

Assumption 2 guarantees that �� and �� will not be zero
simultaneously. The navigation function candidate achieves its
minimum of � when �� � � and achieves its maximum of
� when �� � �. For �� to be a navigation function, it has
to satisfy the following conditions [2]: 1) smooth on F (at
least a C2 function); 2) admissible on F , (uniformly maximal
on �F and constraint boundary); 3) polar on F � (��� is a
unique minimum); 4) a Morse function, (critical points3 of
the navigation function are non-degenerate).

If �� is a Morse function and ��� is a unique minimum of ��

(i.e., ��� is polar on F), then almost all initial positions (except
for a set of measure zero points) asymptotically approach the
desired position ��� [2]. In addition, the negative gradient of
the navigation function is bounded if it is an admissible Morse
function with a single minimum at the desired destination [2].

Based on the de�nition of the navigation function candidate,
the decentralized controller for each node is designed as

�� � ���	
���� (9)

3A point � in the workspace F is a critical point if �����|� = 0.

where �� is a positive gain, and	
��� is the gradient of the ��

with respect to ��. Hence, the controller in (9) is bounded and
yields the desired performance by steering node � along the
direction of the negative gradient of �� if (3) is a navigation
function.

IV. CONNECTIVITY AND CONVERGENCE ANALYSIS

The free con�guration workspace F� � F is a compact
connected analytic manifold for node �, F� , {q|���q� � �},
and q denotes the stacked position vector of node �. The
boundary of F� is de�ned as �F

�
, ��1� ���	 The narrow

set around a potential collision for node � is de�ned as
B�

��	��� , {q| � � ��	 � �� � � �� � � N� �M�} and a
narrow set around a potential connectivity constraint is de�ned
as B�

������ , {q| � � ��� � �� � � �� � � N �
� }. The set

B0��� � {q| � � ��0 � �� � � �} is used to denote a narrow
set around a potential collision of node � with workspace
boundary. Inspired by the seminal work [2], F� is partitioned
into �ve subsets F0���, F1���, F2���, F3���, and F����� as

F� � F�� � F0��� � F1��� � F2��� � F3���	 (10)

In (10), the set of desired con�gurations for node � is de�ned as
F�� , {q| ���q� � �}. Similar to [2], the sets F0���, F1���,
F2��� and F3��� describe the regions near the workspace
boundary, near the potential collision constraint, near the
connectivity constraint and away from all constraint for node �,
respectively. Based on the partition of F� in (10), Proposition
1-7 are introduced to ensure that the designed function in (3)
is a navigation function. The following Assumptions are used
to prove the Propositions.
Assumption 3: There are no obstacles or other agents that

stay within the collision region of node �, when node � is very
close to breaking the communication link with a node � � N �

�

(i.e., node � and node � belong to the region B�
������).

Assumption 4: The region B�
��	��� for � � N� � M� is

disjoint. This assumption implies that the probability of more
than one collision with node � simultaneously is negligible.

A. Connectivity Analysis

Proposition 1: If the graph G is connected initially and � �
N �

� , then nodes � and � will remain connected for all the future
time under the control law (9).

Proof: Consider node � located at a point �0 � F
that causes

Q
��N�

�
��� � �, which will be true when either

only one node � is about to disconnect from node � or
when more than one node is about to disconnect with node
� simultaneously. These two possibilities are considered in
following two cases.

Case 1: There is only one node � � N �
� for which

�����0� ��� � � and �����0� ��� 6� � 
� � N �
� , � 6� �. The

gradient of �� with respect to �� is

	
��� �
���	
��� � ��	
���

���

� � ���

1
�+1

	 (11)
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Since ��� � �, the constraint function �� � � from (5). Thus,
the gradient 	
��� evaluated at �0 can be expressed as

	
���|
0 � ���	
���

��
+1
�

¯̄̄
¯

0

	 (12)

Based on the fact that �� can be expressed as the product
�� � ���
��� , where


�����0� ��� � ��0

Y
��N�

� �� 6=�
���
Y

	�N��M�

��	� (13)

and 	
���� is computed as

	
���� �

���
��

�

�� � �� � �2
or 
�� � ��

�2(���+�2���)(
��
�)
�22���

�� � �2 � 
�� � ���

(14)
the gradient of �� evaluated at �0 can be obtained as

	
���|
0 � �
�
���
���

��� � ���	 (15)

Since ��� ��, �, 
��� and � are all positive terms, (9), (12),
and (15) can be used to determine that the controller (i.e., the
negative gradient of 	
���) is along the direction of �� � ���
which implies node � is forced to move toward node � to
ensure connectivity. That is, based on the design of ��� in (6)
and its gradient in (14), whenever a node enters the escape
region of node �� an attractive force is imposed on node � to
ensure connectivity.

Case 24: Consider two nodes �� � � N �
� , where ��� � �

and ��� � � (i.e., k�� � ��k � �� and k�� � ��k � ��)
simultaneously. In this case, �� � � and 	
��� is a zero
vector, (11) can be used to determine that �0 is a critical point
(i.e., 	
���|
0 � �), and the navigation function achieves its
maximum value at the critical point (i.e., ��|
0 � �). Since
�� is maximized at �0 no open set of initial conditions can be
attracted to �0 under the control law designed in (9).

From the development in Case 1 and Case 2, the control
law in (9) ensures that all nodes � � N �

� remain connected
with node � for all time.

B. Convergence Analysis

Proposition 2: The navigation function is minimized at the
desired point ���.

Proof: The navigation function �� is minimized at a
critical point if the Hessian of �� evaluated at that point is
positive de�nite. From (2) and (4), the goal function evaluated
at the desired point is ��|
�� � �. Also, the gradient of the
goal function evaluated at the desired point ��� is	
���|
�� �P

��N �
�
����� � �� � ���� � �	 Since ��|
�� � � and

	
���|
�� � �, (11) can be used to conclude that 	
���|
�� �
�. Thus, the desired point ��� in the workspace F is a critical

4Case 2 can be extended to more than two nodes without loss of generality.

point of ��. The Hessian of �� is

	2
��� �
�

���

� � ���

1
�+2

n
��


� � ���
h
�	
��� �	
����

�

�	
����	
����
� � ���	2
��� � ��	2
���

¤
��� �

�
	���	
��� � ��	
���


· £��
�1
� 	
��� �	
���

¤�o
	 (16)

Using the facts that ��|
�� � � and 	
���|
�� � � and the
Hessian of �� is

	2
��� � ����2� (17)

where �2 is the identity matrix in R2×2� the Hessian of ��

evaluated at ��� is given by 	2
���

¯̄

��

� ��
� 1

�
� �2��. The

constraint function �� � � at the desired con�guration by
Assumption 2, and �� is a positive number. Hence, the Hessian
of �� evaluated at that point is positive de�nite.
Proposition 3: No minimum of �� are on the boundary of

the free workspace F� .
Proof: Consider a point �0 � �F

�
. From the de�nition

of �F� the constraint function ����0� � �. The goal function
�� is zero only at the desired con�guration point, and from
Assumption 2, the desired con�guration cannot be on the
boundary of F�. Thus, the goal function �� evaluated at �0 is
not zero. Using (3) and the facts that ��|
0 � � and ��|
0 6� �,
��|
0 is maximized at any arbitrarily chosen point �0 on the
boundary of F� .
Proposition 4: For every � � �, there exists a number ����

such that if � � ���� no critical points of �� are in F3���.
Proof: From (11), any critical point must satisfy

���	
��� � ��	
���	 (18)

If � is chosen as

� � ���
�� k	
���k
�� k	
���k

� (19)

where ��� is taken over F3���, then from (11) and (18), �� will
have no critical points in F3���. Since � � ��� ��� � ��� ��	

in F3���, an upper bound for the right hand side of (19) is
given as �����, where

���� , ���
��

k	
���k
μX��

�=1�� 6=�

��� k	
����k
�

(20)

�
X��+��

	=0�	 6=�

��� k	
���	k
�

¶
	

In (20), k	
����k, k	
���	k and ��
k���

��k are bounded terms
in F3��� from (4), (14) and the fact that

	
���	 �

(
�� 2

�21

�	 � 2

�1
� 
��
	

��	

�	 � �1

� 
�	 � �1	
(21)

Proposition 5: There exists �0 � � such that if � � �0, then
�� is a Morse function.

Proof: The development in [3] and [5] proves that
for �� to be a Morse function, it is suf�cient to show that
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��� �	2
���

¯̄

��

��� is positive for some particular vector �� by
choosing a small �, where ��� is a critical point. To show that
��� �	2
���

¯̄

��

��� is positive for the unit vector �� , 
��
�
k
��
�k ,

(16) is used and the Hessian 	2
��� evaluated at ��� is


�̂

�
�2
��

��|���
�

�̂

(��� +��)
� 1
�
�1 � ���

μ
���	2
��� �

�1� 1
����

��

·	
��� �	
����
� � ��	2
���

´
��	

(22)
To facilitate the subsequent analysis, the set of critical points
in F� is divided into sets of critical points in regions F0���,
F1���, and F2���. For a case where a critical point ��� �
F2���, using the fact that the �rst term on the right hand side
of (22) is always positive from (17), the subsequent expression
can be obtained as

���

� � ���

1
�+1���

³
	2
���

¯̄

��

´
�� � ���� (23)

where
� �

�

���

¡
 1�

2
�� �  2��� �  3

¢
� (24)

where

 1 �
��� ��

°°	
�

���
°°2

�
���
� ��� �	2
�
������� (25)

 2 �
���� ���	
�


����
� �	
�����

�
� 
�����

� �	2
�������
����

¡	
�

���	�


���� �	
����	�

�

���
¢
���

 3 �
��� ��
���

�
k	
����k2 	

Since ��� � �, a necessary condition to show that � � � is to
prove that

 1�
2
�� �  2��� �  3 � �� (26)

where  3 � � if � � �. To prove the inequality in (26), the
following two cases are analyzed.

Case 1: For  1 � �, the inequality in (26) is valid if

��� �
� 2 �

p
 22 � � 1 3
� 1

	 (27)

Case 2: For  1 � �, � can be rewritten as

� �  2 �
 3
���

� (28)

which is positive if ��� � �3
|�2| .

Therefore, � � �, and from (23), ��� �	2
���

¯̄

��

��� � � for
all cases if ��� is chosen as

��� � �
0
0 , ���

(
� 2 �

p
 22 � � 1 3
� 1

�
 3
| 2|

)
	 (29)

By using the same process of evaluating the Hessian 	2
��� at
critical points belonging to F0��� and F1���, upper bounds �

00
0

and �
000
0 for � can be obtained for ��� � F1��� and ��� � F0���

respectively. By choosing � � �0 � ���
n
�
0
0� �

00
0 � �

000
0

o
� the

function � in (24) is guaranteed to be positive which implies

all the critical points are non-degenerate critical points of ��.

Proposition 6: There exists �1 � �, such that �� has no
local minimum in F2���, as long as � � �1.

Proof: Consider a critical point ��� � F2���. Since �� is
a Morse function, then if 	2
���

¯̄

��

has at least one negative
eigenvalue, �� will have no minimum in F2���. To show
	2
���

¯̄

��

has at least one negative eigenvalue, a unit vector

�! ,
μ

���
��

k���
��k
¶�

is de�ned as a test direction to demonstrate

that �!�
³
	2
���

¯̄

��

´
�! � �, where �"�� denotes a vector that

is perpendicular to some vector ". From Proposition 5,

���

� � ���

1
�+1

¯̄̄

��

�!�
³
	2
���

¯̄

��

´
�! � ����� ����� (30)

where

� � �!�
¡	
�


���	�
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Based on Assumption 3 and (6), (7), (14),

	
�

��� � � and 	2
���� � �	 (33)

Since the goal function �� and 
��� are positive, � � �. To
ensure �!�

³
	2
���

¯̄

��

´
�! � �� � must be selected as � � �1

where �1 � ���F2(�)
|���|
|�| .

Proposition 7: There exists �2 � �� such that �� has no
local minimum in F1��� and F0���� as long as � � �2	

Proof: Consider a critical point ��� � F1���. Similar to
the proof for Proposition 6, the current proof is based on the
fact that if �#�

³
	2
���

¯̄

��

´
�# � � for some particular vector

�# ,
³


��
	
k
��
	k

´�
, then �� will have no minimum in F1���. To

facilitate the subsequent analysis, similar to the de�nition of

��� in (13), �� can be expressed as the product �� � ��	


��	

and 
��	 is de�ned as

��	���� �	� � ��0

Y
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��N��M���6=	
���	 (34)

Using (17), (21) and (34),
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Since 
�	 � �1, and 	�

���	

���
��

k���
��k can be upper bounded

by a positive constant in F1���, then if 
�	 is small enough,
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Fig. 2. Trajectory evolution for each node.

� is guaranteed to be negative. Hence, there exist a positive
scalar �21 � ��	�
�	�� which is small enough to ensure � �

�. To ensure �#�
³
	2
���

¯̄

��

´
�# � �� � must be selected as

� � ���{�21, ���F1(�) |
��̄�	|
|�| }.

Let �$ be an unit vector de�ned as �$ ,
³


��
0
k
��
0k

´�
. The

same procedure that was used to show �#�
³
	2
���

¯̄

��

´
�# � �

in F1��� can be followed to obtain another upper bound for ��
which ensures �$�

³
	2
���

¯̄

��

´
�$ � � in F0���	 By choosing

�2 as the minimum of the upper bound for � developed for
F1��� and F0���, �� is ensured to have no minimum in F1���
and F0��� as long as � � �2.

Based on Propositions 4-7, if � is chosen such that � �
��� {�0� �1� �2} then the minima (a critical point) is not in
F0���, F1���, F2���, F3��� or the boundary of F�. Thus, from
(10) the minima has to be in F����� if � � ���{������}.
Hence, nodes starting from any initial positions (except for
the unstable equilibria) will converge to the desired formation
speci�ed by the formation matrix �.

V. SIMULATION

A group of � nodes with kinematics given in (1) are
distributed in a workspace of � � ��� %	 Each node is
assumed to have a limited communication and sensing zone of
�� � � % and �1 � �2 � �	� %	 The tuning parameter � in
(3) is set as � � �	 . The system is simulated for !& with the
step size of �	��. The simulation results are shown in Figs. 2
and 3. In Fig. 2, the ‘*’ represents the initial position of each
node, and the circle denotes its �nal position. The initial graph
is connected and the desired con�guration is characterized as
a regular hexagon with edge of � %. A stationary obstacle
is represented by a red circle. The trajectory of each node is
represented by a dotted curve connecting its initial and �nal
position while the solid lines indicate the communication link
between connected nodes. As shown in Fig. 2, the system
�nally converges to the desired con�guration. The �rst subplot
in Fig. 3 shows that the control actuation for each node is
bounded while the second subplot in Fig. 3 indicates that the
communication link is maintained during the evolution (i.e.,
the distance between connected nodes is less than ��).
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Fig. 3. Distance between connected nodes and control actuation for each
node.

VI. CONCLUSION

A decentralized navigation function is developed to ensure
that a network that is initially connected with the desired edge
neighborhood will asymptotically converge to the desired con-
�guration while maintain network connectivity from almost all
initial positions, as well as collision avoidance.
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